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Structural Design of a Silicon Micro-Turbo-Generator
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The probabilistic structural analysis and design of a silicon micro-turbo-generator rotor are presented. This
rotor was designed to have a tip speed of 500 m/s. Three-dimensional � nite element analysis, fracture strength
characterization of single crystal silicon,and structural failureprobabilitycalculationswere performed.The results
show that the design of micro-turbine-generatorrotor, althoughhighlystressed, is feasible. However, it is important
to note that this feasibility is very dependent on the etching process achieving a high surface quality. The overall
approach and tests employed are equally applicable to other highly stressed microelectromechanical systems.

Nomenclature
A = surface area
A0 = reference area
a = crack length
b = outer radius of disk
Ci j = stifness tensor for linear elastic material
E = Young’s modulus
KI = stress intensity factor (mode 1)
KIc = fracture toughness in mode 1 (opening)
M = number of subvolumes per element
m = Weibull modulus
N = number of elements in � nite element model
n = number of blades on disk
P f = probability of failure
Pfb = probability of failure of blade
Pfbr = probability of failure at blade root
P f ji = probability of failure of subvolume ji
r = radial coordinate
S = stress ratio for equal failure probability
u = displacement
V = volume
V0 = reference volume (Weibull)
Y = geometrical correction for stress intensity factor
µ = circumferentialcoordinate (angular)
¸ = threshold stress (Weibull)
º = Poisson’s ratio
½ = density
¾0 = reference stress (Weibull)
¾1;2;3 = principal stress components
! = rotational frequency

I. Introduction

A RESEARCH and development program is underway to deve-
lop the technology for micro-gas-turbine generator “micro-

engines.”1¡4 These are intended to be capable of producing 50 W
of electrical power in a package less than 1 cm3 in volume while
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consuming7–8 g of jet fuel per hour. Such deviceswould representa
quantum leap in compact electric power sources, with the potential
to achieve more than 10 times the power and energy density of
current batteries at competitive costs.

The concept on which this ultimate goal is based is the ability
to micromachine refractory, structural ceramics such as silicon ni-
tride and silicon carbide.These materials potentiallyhave excellent
mechanical, thermal, and chemical properties for gas-turbineappli-
cations; in principle they would permit uncooled operation in the
range of 1500–1700 K.

To appreciate the impact of material scaling on structural design,
it is important to have a basic understanding of the functional re-
quirements of a microengine. The most challenging component of
the device from a structural viewpoint is the turbine rotor. A cross-
sectional view of the turbine is shown in Fig. 1, and a micrograph
showing a stator/rotor pair etched from silicon is shown in Fig. 2.
The design is quite different from conventional turbomachinery,as
it is largely determined by the capabilities of the microfabrication
processes. The use of etching and deposition processes in conjunc-
tion with lithographicallyproducedmasks limits the components to
planar or cylindrical geometries. However, this can have the advan-
tage that relatively complicated components can be created out of a
single wafer of monolithic silicon, eliminating many of the assem-
bly operations (e.g., attachment of blades) that would be required
at the macroscale and that can be a source of reliability concerns.
The overall device, and any three dimensionality that is required, is
created by bonding together several etched wafers. For the turbine
shown in Fig. 1, nine discrete layers would be required, with only
eight bonds. As an additional concern, it is dif� cult to create high-
aspect-ratio components such as shafts, and as a consequence the
rotor is supported by a novel design of gas bearings.5

The demands of high-power-density turbomachinery operation
drive the turbine design toward operating at the maximum possible
temperature and the maximum possible tip speed of the blades. The
stress levels scale with the square of the speed and linearly with
the density of the material.6 Thus the strength at temperature of the
material de� nes the performanceof gas-turbineenginesat the micro
as for the macroscale.

The initial focus of the microengineprogramis to design and fab-
ricate a turbogeneratorfrom silicon, for which fabricationprocesses
have already been proven. In parallel, development is underway of
processes suitable for more refractory materials. Similar structural
issues must be addressedfor both the silicon turbogeneratorand the
microengine itself. The fundamental task is to develop and validate
a methodology for achieving structurally reliable, highly stressed
devices, which are microfabricated from intrinsically brittle mate-
rials. This paper describes the structural design and associated ma-
terial testing for the silicon turbogeneratorrotor. The focus is on its
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Fig. 1 Baseline design of the microengine in cross section.

Fig. 2 SEM micrograph of the microturbine, the bladed rotor, and
nozzle guide vanes on the stator are clearly visible (courtesy of Chuang-
Chia Lin).

room-temperatureoperation;a separateanalysishasbeen conducted
for its high-temperatureperformance.

II. Background
A. Material Properties

The elastic properties of h100i silicon have been documented.7

The three components of the elastic stiffness tensor necessary to
characterize cubic silicon are C11 D 165:7 GPa, C12 D 63:9 GPa,
and C44 D 79:6 GPa. In terms of the engineering elastic constants,
the Young’s modulus E varies from 169 GPa in the h110i direction
to 131 GPa in the h100i direction. The Poisson’s ratio º also varies
with orientation; however, the combined quantity .1 ¡ º/=E is an
invariant.

At temperatures below about 600±C, silicon is a brittle, elastic
material, which can exhibit an extremely high inert strength.8 The
fracture toughness KIC varies with orientation, but the variation is
small and in all cases KIC is less than1 MPa

p
m.9 The low toughness

implies a strong sensitivityof the strength to processingand service
induced� aws or cracks;nonetheless,severalstudieshaveshown that
it is possible to obtain strengths in excess of 1 GPa.10;11 The lack of
plasticity implies that cyclic fatigue crack growth is not a concern;
however, environmentallyassisted slow crack growth can occur.12

The deformation behavior of single crystal silicon has been ob-
tained as a function of temperature by Mura et al.13; their results

show that the stress/strain relationship is essentially unaffected by
temperaturesbelow 600±C. Above 800±C distinct yield phenomena
were observed.The brittle-to-ductiletransitiontemperature(BDTT)
of silicon 550±C is well de� ned, with a weak dependence on stress
state.14 Above the BDTT plastic deformationbecomes more preva-
lent until at temperaturesabove800±C it is the strength-limitingpro-
cess. The BDTT clearly de� nes the applicable temperature regimes
forbothbrittleor ductilestructuraldesignmethodologiesfordevices
using single crystal silicon.

B. Fabrication Constraints
The fabrication of the silicon turbogenerator is enabled by deep

reactionion etching (DRIE) using a Surface TechnologySystemsTM

(STS) inductively coupled plasma etcher.15 The equipment is char-
acterized by a high-density plasma and achieves an etch rate of
»3 ¹m/min in silicon. In contrast to macroscale machining pro-
cesses which can more readily produce three-dimensional geome-
tries, the microfabrication process is limited to two-dimensional
extruded shapes. As a result, traditional methods for minimizing
stress levels, such as radiallyvarying the disk thicknessand tapering
blades, cannot be used. This is a major structural design constraint
for microturbomachinery. In addition, the high aspect ratios of the
blades and journal bearinggap demand a fast and highlyanisotropic
etching process. This introduces dif� culties in creating � llets for
stress relief at sharp transitionsbetween horizontaland vertical fea-
tures. Furthermore, scanning electron microscopy (SEM) indicates
that the surface quality is worse in these transition regions. This
poorer surface can result in a locally inferior material strength.

C. Fracture Mechanics and Weibull Statistics
In 1920 Grif� th proposed a fracture theory to describe the be-

havior of materials with microcracks.16 The Grif� th energy balance
criterion for fracture states that crack growth will occur if the en-
ergy release rate reaches a critical value.This criterioncan be recast
in terms of a stress-based parameter; the stress intensity factor K I ,
which is de� ned as

K I D ¾1Y
p

¼a (1)

where Y is the shape factor which is usually close to unity. If K I is
larger than KIC , the fracture toughnessof the material, the crackwill
propagate and the structure fails. The key consequenceof Eq. (1) is
that K I is determinedby both the state of stress and the � aw size. In
brittle materials the critical � aw sizes are usually below the capabil-
ities of nondestructive evaluation techniques and are generally ac-
counted for using a probabilistic stress-based design methodology.

The most widely used approach to account for the stochastic
natureof the strengthof brittlestructuresis theweakest link model.17

In this model the failureprobabilityof a volumeof material V under
a uniform stress ¾ is assumed to be given by
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P f .¾; V / D 1 ¡ exp
©
¡.V=V0/[ .¾ ¡ ¸/=¾0]m

ª
(2)

where¸ is a thresholdparameter,whichcorrespondsto theminimum
material strength.For ceramics¸ is often taken to be zero.This leads
to the two-parameter Weibull distribution

P f .¾; V / D 1 ¡ exp
£
¡.V=V0/.¾=¾0/m

¤
(3)

Depending on the nature of the strength controlling � aw popula-
tion, the failure probability can also be treated as surface area de-
pendent. In which case an area term A=A0 is substituted for V=V0.
The failure type (volume or surface � aw) can be determined by a
combination of fractography, � nite element analysis, process char-
acterization,and material properties. Similarly, the choice between
a two- and three-parameter Weibull model depends on the nature
of the strength distribution and the statistical level of con� dence
required.

Equations (2) and (3) are suitable for uniform uniaxial tensile
stress. For uniform multiaxial stress states the Weibull distribution
mustbemodi� ed.Theprincipleof independentactionmodel18 states
that the Weibull survivalprobabilityof a uniformlystressedmaterial
element experiencing multiaxial loading is equal to the product of
the survival probabilities for each of the tensile principal stresses
applied individually, i.e., Eq. (3) can be rewritten as

P f .¾; V / D 1¡exp
©
¡.V=V0/

£
.¾1=¾0/m C.¾2=¾0/

m C.¾3=¾0/m
¤ª

(4)

In general, the principal stresses vary with position, thus Eq. (4)
must be integrated over the volume or surface area of the structure
in order to obtain the overall failure probability. The � nite element
method is a convenient means of achieving this integration.

Considera � niteelementmodelof a structure.The structureis dis-
cretized into N � nite elements. Each � nite element has M Gaussian
integrationpointswith M associatedsubvolumes,eachwith a unique
set of principal stresses.

The probability of failure of each Gaussian subvolume P f ji can
be directlycalculatedvia Eq. (4). The overall structuralfailure prob-
ability is obtained by the following product:

P f D 1 ¡
NX

i D 1

MX

j D 1

.1 ¡ P f ji / (5)

Probabilisticstructuraldesignhas beenused for the siliconmicro-
turbine. As shown in Fig. 3, the procedure consists of two pretasks
conducted in parallel: material characterizationto extract the statis-
tical material parameters and � nite element analysis to perform the
structural stress-volume integration.Based on this information, the
structural failure probability is then calculated. If the overall failure

Fig. 3 Brittle structural design procedure for a brittle material.

probability exceeds an allowable value, the structural design must
be modi� ed.

III. Stress Analysis
A. Preliminary Design

The baseline rotor geometry was obtained by trading between
turbomachineryperformance and the capabilitiesof the fabrication
process.3 The rotor is a 4-mm-diam, 300-¹m-thick disk with blades
on one side. The design tip speed is 500 m/s, corresponding to
a rotational speed of 2:5 £ 106 rpm. The stress and deformation
of a � at rotating disk made from a homogeneous isotropic linear
elastic material with radius b can be found6 as a function of radial
coordinate r , rotational speed !, density ½ , Young’s modulus E ,
and Poisson’s ratio º:

¾r D [ .3 C º/=8]½!2.b2 ¡ r 2/ (6)

¾µ D [ .3 C º/=8]½!2b2 ¡ [ .1 C 3º/=8]½!2r 2 (7)

u D [ .1 ¡ º/=8E ][ .3 C º/½!2b2r ¡ .1 C º/½!2r 3] (8)

where ¾r , ¾µ , and u are the radial stress, hoop stress, and radial
expansion, respectively. For more complicated geometries or non-
isotropicmaterial propertiessolutionscan be obtainedby numerical
analysis such as the � nite element method.

By Eqs. (6) or (7) the maximum stress in a � at 4-mm-diam sili-
con disk rotating at 2:5 £ 106 rpm is 240 MPa. The radial growth,
calculated by Eq. (8), is 1.5 ¹m. These stress and deformation lev-
els are well within the design allowables for silicon and satisfy the
requirement of maintaining a journal bearing gap within tight toler-
ances. The preliminary calculation, therefore, provided con� dence
to proceed with more detailed analysis.

B. Axisymmetric Finite Element Analysis
As shown in Fig. 2, the baselineturbinedisk designhas 20 blades.

A raised central hub is used to carry the thrust bearing loads. To es-
tablish a basis for design trades without incurring the cost of a full
three-dimensional � nite element (FE) analysis, a two-dimensional
axisymmetricmodel was used as an intermediatestep.The commer-
cial � nite elementpackage,ABAQUSTM Standard,was used for this
purpose.19

There are potentially three stress critical locations on the rotor:
the disk center, the junction between the hub and the disk, and the
junctions between the disk and the turbine blades. The asymmetric
location of the blades on one side of the disk implies that not only
the radial expansion, but also the out-of-plane de� ection, must be
considered. To account for this, the blades were represented by an
axisymmetric “lumped” mass.

Figure 4 shows the lumped geometry of the baseline turbine disk.
The lumped mass is obtained by matching the total mass and ro-
tational inertia of the turbine blades in order to generate the same
radial stresses at the hub and tip de� ections. The height of the an-
nular mass was maintained as the same as the blade height, with
the radial dimension and location being varied in order to match
the mass and inertial properties of the blades. This model was veri-
� ed subsequentlyby comparison to a full three-dimensionalmodel
described in Sec. III.C.

Fig. 4 Axisymmetric � nite element representation of the micro-turbo-
generator rotor.
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Fig. 5 Deformation of the axisymmetric model subjected to centrifugal force.

Figure 5 shows the de� ections at the outer radius of the rotor
as a function of blade height and disk thickness. For the baseline
200-¹m tall blades, a 2.4-¹m vertical de� ection at the disk tip was
calculated.The radial expansion is 1.5 ¹m, which is essentially the
same as that calculated for an unbladed disk. The stress level at the
disk center is also close to the � at disk case. However, the stress
distribution is quite different. The top surface of the disk, subject to
a centrifugaland a tensilebending stress, shows a higher stress level
than the bottom surface, which is subjected to a centrifugal and a
compressive bending stress.

Two parametric studies were performed using the axisymmetric
model. These explored, � rst, the relationship between disk thick-
ness, blade height, and tip de� ection, and second, the relationship
between � llet radius, hub aspect ratio, and the stress concentra-
tion at the hub/disk � llet. Figures 6a and 6b show the relationships
between disk thickness, blade height, and out-of-plane de� ection.
This is an importantdesign tradebecausethe out-of-planede� ection
must be minimized in order to achieve the required thrust bearing
performance. Figure 6 shows that this can be achieved by reduc-
ing the blade height and increasing disk thickness. This con� icts
with the demands of turbomachinery performance, which drive
the design toward taller blades, and it also partly con� icts with
the fabrication considerations, which restrict the design to thin-
ner disks and shorter blades in order to minimize etching cycle
times.

The sensitivity of the stress concentration at the hub/disk inter-
face to the design variables is shown in Fig. 7. Figure 7a shows the
effect of placing the blades asymmetrically on one side of the disk
as opposed to having a balancing mass on the reverse side of the
disk. The stress level in the asymmetric case is larger as a result of
the contribution of the bending moment. Figure 7b shows that the
stress concentration at the hub/disk transition is a strong function
of the local � llet radius. The stress is reduced by 40% if the � llet
radius is increasedfrom 10 to 30 ¹m. A higher � llet radius is clearly
desirable; however, this signi� cantly increases the fabricationcom-
plexity. The analysis also shows that the stress concentration is a
weak function of the hub height L .

C. Three-Dimensional Finite Element Analysis
The two-dimensionalanalysisprovides useful input to the design

process; however, the turbine geometry is not axisymmetric, and
furthermore, silicon has cubic material symmetry. Consequently, a
three-dimensionalFE analysis was used for detailed design. In par-
ticular, the followingissueswere addressed:1) the effect of material
anisotropy, 2) the state of stress around the turbine blades, and 3)
the structural dynamics of blade and disk.

Figure 8 shows a three-dimensionalFE mesh of the whole micro-
rotor. This corresponds to the rotor shown in Fig. 2, with the stator

Fig. 6a Relationship between rotor de� ection and rotor thickness.

Fig. 6b Rotor de� ection vs blade height.

parts omitted. Figure 9 shows the relationshipbetween deformation
and rotating speed in both axisymmetric and full three-dimensional
models. The axisymmetric model underpredictsthe deformationby
about 25%. This discrepancy is not surprising because the axisym-
metric model was initiallydesignedonly to provideestimatesbefore
embarking on a more detailed analysis. The blades were lumped to
maintain the same rotational inertia, which would contribute the
same stress level to the disk center and hub/disk interface but not
necessarily the same stiffness and hence tip de� ection.
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To determine the blade-root stress, a more detailed model was
constructed.The criticalpoint is at the root of the trailingedgeof the
blades. Figure 10 shows the correspondingFE mesh and calculated
stress contours.

A parametric study was conducted to examine the relationship
between blade stress, blade height, and blade-root � llet radius. Fig-
ure 11 presents the results of this parametric study. The maximum
stress at the critical point triples as the blade height is doubled.
This is because of the centrifugal bending of the blade. The � llet

Fig. 7a Effect of out-of-plane asymmetry on the hub root stress
concentration.

Fig. 7b Relationship between stress concentration, � llet radius, and
aspect ratio (L/D).

Fig. 8 Three-dimensional FE model of the microturbine.

radius must be increased in order to reduce the stress level if the
blade height is to be increased. As for the axisymmetric analysis,
these results help guide the design tradeoff between turbomachin-
ery performance,fabricationprocess, and structural integrity.Mesh
re� nement studies were conducted on the models shown in Figs. 8
and 10. The displacements in Fig. 9 were estimated to be accurate
to within 2%, and the stresses shown in Fig. 11 were estimated to
be accurate to within 3%.

The effect of anisotropy was examined by applying the cubic
material properties to a FE model of a � at rotating disk, using the
orthotropic material option available within ABAQUSTM . The cal-
culation shows that the anisotropic model has a 3% increasing in
maximum stress over the isotropic case. The h110i directionhas the
highest stress for a given radius. The radial expansion, however, is
independentof direction, which follows from Eq. (3), which shows
that the expansiondepends on the invariant property 1 ¡ º=E . This
analysis indicates that use of isotropic material properties is a good
approximation even for detailed analysis.

The resonant frequencies essentially scale inversely with
length.20;21 Moreover, in comparison with large-scale turbomachin-
ery, the microturbineblades have relatively low aspect ratios. These
two factors imply that the microturbine blades will have extremely
high resonant frequencies. Although the rotating speed also in-
creases, the extremely high resonant frequencies and small num-
ber of blades results in an unusually high operating margin be-
tween the turbomachinery frequency and the � rst structural mode.
At 500 m/s tip speed the turbomachinery excitation frequency is
nearly 0.9 MHz, whereas the � rst structural natural frequency is
2.5 MHz. This advantage occurs even though centrifugal stiffen-
ing is relatively unimportant in microturbomachinery.22 Figure 12

Fig. 9 Relationship between de� ection and rotating speed.
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FE mesh

Stress contour

Fig. 10 FE model to calculate the blade-root-stress concentration.

shows the � rst, the second,and the thirdmodes of the turbineblades.
Dynamic effects do limit the rotor design in other respects as the
stiffness of the micro-gas bearing is much less than that of the tur-
bine disk. As a result, the � rst several modes of the turbine disk
are essentially rigid-body motions with frequencies much lower
than the operating speed of the engine. The issues arising from
this are describe elsewhere.23 The low aspect ratio of the blades
implies that the steady-� uid loading results in a negligible con-
tribution to the overall stress level compared to the centrifugal
loading.

IV. Material Characterization
The analysis presented in Sec. III shows that the local stress

levels in the microturbine are of the order of 1 GPa. This places
severe demands on the strength of the silicon and hence on the
fabrication route, which controls the surface � aw distribution. To
establish the material strength distribution, it is necessary to con-
duct tests on specimens fabricated by the same etching process as
the rotor itself. Furthermore the test specimens should have a sim-
ilar volume or surface area under stress as in the microengine in
order to avoid excessive extrapolation of the calculated Weibull
parameters. This section summarizes the results of a comprehen-
sive mechanical test program. The results are described in detail
elsewhere.24;25

To � nd the relationship between material strength and surface
processing route, biaxial � exure specimens were tested. Figure 13
shows schematically the testing apparatus. Applied load was mon-
itored by a load cell and recorded digitally via a data acquisition
system. A FE analysis was conducted to establish the stress/load
conversion for the specimen. The strength is determined by the
stress at the maximum load. Table 1 summarized the biaxial testing
results. The reference strength ranges from 1.6 GPa for mechani-
cally ground specimens to 4.6 GPa for STS DRIE specimens. The

Table 1 Summary of the biaxial � exure specimen strengths

Variable Ground (a) Ground (b) KOH etched STS DRIE Polished

Size 19 30 25 20 10
Thickness 500 ¹m 280 ¹m 280 ¹m 230 ¹m 280 ¹m
Surface »3 ¹m »1 ¹m »0.3 ¹m »0.3 ¹m »0.1 ¹m

roughnes
¾0 1.2 GPa 2.2 GPa 3.5 GPa 4.6 GPa >4 GPa
m 2.7 3.4–4.2 7.2–12 3.3 ——

Stress vs blade height

Stress vs � llet radius

Fig. 11 Relationship between blade-root-stress concentration and
design parameters.

Fig. 12 First three vibration modes of a turbine blade.

Weibull modulus ranges from 3 to 12, which is lower than that com-
monly achievedby conventionalpolycrystallineceramic processing
routes.

Observations of DRIE silicon parts show that the surface quality
varies signi� cantly with the conditions used to etch the specimens
and also with the location within each specimen. Figure 14 is a
SEM micrograph of the hub/disk interface. At the disk/blade and
disk/hub transition the surface is rougher than the planar surface of
the rotor. This increased roughness results in a reduced strength.
Unfortunately, the hub and blade roots are stress concentrations;



726 CHEN, SPEARING, AND NEMETH

Table 2 Summary of the DRIE RHFS strengths

STS RHFS C wet STS RHFS C SF6
Variable STS RHFS etch dry etch

Sample size 35 31 28
Post DRIE NA 1.8 ¹m 2.7 ¹m

etch depth
¾0 1.5 GPa 2.9 GPa 4 GPa
m 9.04 4.3–5.3 3.3–8.8

Fig. 13 Strength testing procedure.

Fig. 14 SEM image of the turbine surface.

therefore,the reducedlocalsurfacequality,and associatedreduction
in strength, has potentially serious consequencesfor the design and
operationof the rotor. To achieve a successfuldesign, it is necessary
to understand the factors affecting the local strength and also to de-
velop techniques to improve the strength by controlling the etched
surfaces at critical locations. To characterize the local variation in
strength and to explore methods for strength control, a novel speci-
men hasbeendeveloped:the radiusedhub� exurespecimen(RHFS).
Readers are referred to Ref. 24 for a more detailed description of
the specimen geometry. Test results obtained using the RHFS are
presented in Table 2. The local roughness results in a reduction in
strength by approximately a factor of three. However, these results
also illustrate that the use of a secondary etch to reduce the surface
roughness can result in a signi� cant recovery of the strength. The
utilization of such techniques to ensure high strength are an im-
portant consideration in the design and manufacture of high-power
density microelectromechanicalsystems (MEMS).

V. Failure Probabilistic Analysis
Based on the information of Secs. III and IV, the structure failure

probability can be calculated. For this purpose a reference strength
of 3.5 GPa and a Weibull modulus of 10 were used. These cor-
respond to the test results for KOH-etched biaxial specimens and

Fig. 15 Stress ratio between the mechanical test specimen and rotating
disk as a function of Weibull modulus.

hence represent a realistic estimate for what can be achieved with a
DRIE followed by a strength recovering secondary etch.

A. Tested /Design Strength Conversion
Because the volume and surface area of the tested specimen are

different than that of the microturbogenerator,the referencestrength
obtained in Sec. V must be scaled before it can be applied to struc-
tural design. To illustrate the scaling of strength, it is convenient to
introduce a stress ratio S which is arbitrarily de� ned as the ratio of
the maximum stress in the mechanical test specimen to the max-
imum stress in the structure, which gives the same probability of
failure for the two cases:

S ´
.¾max/specimen

.¾max/structure

(9)

This stress ratio S is a function of the form of the stress distribu-
tions and the dimensionlessvariables A=A0, ¾I =¾0 , andm . Figure15
plots the stress ratio between the test specimen and a rotating disk
with the same diameter as the microturbine rotor. For comparison,
results are shown for both volumetric and surface � aw distribu-
tions. Refer to Ref. 24 for a detailed derivation.The key implication
of Fig. 15 is that for these particular test specimens and structural
geometries the allowable stresses in the structure are signi� cantly
lower than those measured in the mechanical tests. For instance, for
specimens with a measured Weibull modulus of 10 the stress ratio
is 1.5. This implies that the stress level must be scaled by a factor of
0.67 (1/1.5) to achievean equalprobabilityof survivalin the rotating
structure. For more complicated geometries, where analytical solu-
tions are not possible, the stress ratio can be obtained by numerical
methods. For the detailed structural design the CARES/LIFE code
developed by NASA23;26 was used in conjunction with ABAQUS
for � nite element analysis.

B. Parametric Studies
Because the centrifugal stress varies with the square of the tip

speed, as the rotating speed increases, the failure probability also
increases. Figure 16 shows the calculated dependence of failure
probability on rotating speed. The geometries investigated in this
study were initially restricted to a � at disk and a � at disk with a
central hub, in each case with the same dimensions as the baseline
design. Both volumetric and surface � aw-dominated cases were
calculated for comparison,although it is believed that the structural
behavior is dominated by surface � aws. As shown in Fig. 16, for
a rotating disk the failure probability of a surface � aw-dominated
situation is less than the corresponding probability in a volumetric
� aw-dominatedsituation.However, for the case of a disk with a cen-
tral hub with a 15-¹m � llet radius the failure probability increases.
Conversely, the corresponding volumetric � aw-dominated failure
probabilitydoes not change signi� cantly. The 15-¹m � llet radius at
the hub-disk transition represents a signi� cant stress concentration.
The ratio of this area of locally high stress to the overall surface area
is much larger than the ratio between the stress concentratedvolume
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Fig. 16 Relationship between structure failure probability and rotat-
ing speed.

to the overall material volume. As a result, this stress concentration
is signi� cant in the surface � aw-dominated case but less important
in the volumetric � aw-dominated case.

It is more dif� cult to perform directly a parametric study of the
full bladed disk because the mesh size would be too large if the
necessary re� nement were implemented at the root of each blade.
However, a good approximation can be obtained by combining the
calculation for the failure probabilityof a single blade with that for
the failureprobabilityof a disk with a centralhub. Because the effect
of anisotropy is small and each blade is geometrically identical, the
failureprobabilityfor each blade is essentiallythe same. In addition,
from the stress analysis, except at the blade root, the body of a blade
has very low stress level. Letting the failure probability of a single
blade and its root be Pfb and Pfbr, respectively, then

Pfbr ¼ Pfb (10)

By weakest link statistics the total failure probability Pftotal of the
blade set is, therefore,

Pftotal D 1 ¡ .1 ¡ Pfbr/
N (11)

where N is the number of blades.
As Pfbr is small (<10¡2), Eq. (11) can be approximated by the

linear term of the bilinear expansion, i.e.,

Pfbtotal D NPfbr ¡ [ N .N ¡ 1/=2]P2
fbr C ¢ ¢ ¢ ¼ NPfbr (12)

By the same approach the overall failure probabilityof the entire
turbine disk can be approximated by

P f turbine
total

¼ NPfbr C Pf hub
disk

(13)

Note that Eqs. (12) and (13) hold only if the components and
overall failure probability are small .<10¡2/. For higher failure
probabilities of an individual component, the quadratic or higher-
order terms in Eq. (11) must be included.

Figure 17 shows the failure probability of a single blade with
a 26-¹m root � llet radius as a function of blade height. Applying
Eq. (14) gives the overall failure probability of the microturbine.
Consider a turbine disk with 20 200-¹m-tall blades. The � llet radii
at the hub and the blade roots are 15 and 26 ¹m, respectively.This is
close to the values that initial fabricationexperiments have yielded.
The overall structural failure probability is obtained from Figs. 16
and 17 and Eq. (13) as

Pf turbine
total

D 5 £ 10¡7 C 20 £ 2 £ 10¡9 D 5:4 £ 10¡7

This predicted failure probability is low, although it must be rec-
ognized that structural failure is only one aspect of the device re-
liability. However, as the blade height is increased to 360 ¹m the

Fig. 17 Relationship between structure failure probability and blade
height. (Note: in this � gure V stands for volume� aw model, and S stands
for surface � aw model.)

failure probabilityfor a single blade increasesto 10¡5, and the over-
all probabilityof failure is raised to 10¡4. Although at this stage no
target reliability has been set, a useful guideline is the 6¾ (»3 fail-
ures in 106 parts) quality metric commonly used in microelectronics
and elsewhere.27

VI. Summary
Based on the structural analysis and material strength testing,

it is apparent that the design of the micro-turbine-generator rotor,
althoughhighlystressed, is feasible.However, this feasibilityis very
dependant on the etching process to achieve a high surface quality
and hence strength. An isotropic surface � nishing etch potentially
provides a robust means of achieving this.

The failure probability and tip de� ection increase rapidly as
blade height is increased. The results presented herein permit de-
sign trades between turbomachinery performance, fabrication ef-
forts, and structural reliability.

This paper presents the probabilisticstructuraldesign of a micro-
turbogenerator.The overallapproachand tests employedare equally
applicable to other highly stressed MEMS applications.
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